Abstract. We introduce a procedure for constructing a generalized elliptic curve from a genus-one twisted curve, and we use this procedure to define an explicit, modular isomorphism between two compactifications of moduli stacks of elliptic curves with level structure.
Introduction
Modular curves and their compactifications play a central role in modern number theory. The theory of moduli spaces of elliptic curves with level structure, in characteristics not dividing the level, was put on a sound footing by Igusa in the papers [Igu1] , [Igu2] , [Igu3] , [Igu4] . The paper [DR] develops this theory in terms of algebraic stacks, and gives a moduli interpretation of the cusps of the compactified stacks (in terms of level structures on generalized elliptic curves), again in characteristics not dividing the level.
Level structures on elliptic curves were reformulated as Drinfeld level structures in [KM] , where the authors constructed normal, regular, separated algebraic stacks over Spec(Z) classifying elliptic curves equipped with Drinfeld level structure. The cusps of these stacks were interpreted in [Con] as classifying Drinfeld level structures on generalized elliptic curves. We review this theory briefly in §2 below.
The moduli stacks of elliptic curves with Drinfeld structure in [KM] arise as locally closed substacks of certain moduli stacks of twisted stable maps; this is mentioned briefly in [AOV2, 6.9] and is examined in detail in [Nil] . These stacks of twisted stable maps are complete, so this gives an alternate way of compactifying moduli stacks of elliptic curves with Drinfeld structure. For example, the moduli stack Y 1 (N ), which classifies elliptic curves equipped with [Γ 1 (N )]-structure, has two compactifications: the stack X 1 (N ) considered in [Con] , and its closure X tw 1 (N ) in a certain moduli stack of twisted stable maps (see [Nil, 4.6] ).
In [Nil] , we constructed an explicit isomorphism X 1 (N ) → X tw 1 (N ), with a natural moduli interpretation in terms of the objects classified by these two stacks. The stack X tw 1 (N ) classifies pairs (C/S, φ), where C/S is a genus-1 twisted curve and φ is a Drinfeld [Γ 1 (N )]-structure on Pic 0 C/S (see [Nil, 4.5] ). In [Nil] we exhibited how, given a generalized elliptic curve E/S and a Drinfeld [Γ 1 (N )]-structure P on E, one may naturally produce a genus-1 twisted curve C/S and a Drinfeld [Γ 1 (N )]-structure φ on Pic 0 C/S . The main result of this paper, occupying all of §4, is a procedure for canonically producing generalized elliptic curves from genus-1 twisted curves. This construction is inverse to the (more straightforward) procedure for producing genus-1 twisted curves from generalized elliptic curves which we employed in [Nil] . In particular, in §5 we use this construction to give a moduli interpretation for the inverse to the isomorphism X 1 (N ) → X tw 1 (N ) constructed in [Nil] , though we hope the construction of §4 will prove to be of independent interest.
In §6 we examine how our construction might extend to twisted curves of higher genus, and we discuss some complications which arise. We hope to study the higher-genus case in future work.
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Preliminaries
Generalized elliptic curves and Drinfeld level structures. We briefly recall the notion of a generalized elliptic curve and the key properties of moduli stacks of Drinfeld level structures on generalized elliptic curves; for more details the reader should consult [DR] , [KM] , [Con] or [Nil, §2] . Definition 2.1. A Deligne-Rapoport (DR) semistable curve of genus 1 over a scheme S is a proper, flat, finitely presented morphism of schemes f : C → S, all of whose geometric fibers are non-empty, connected semistable curves with trivial dualizing sheaves.
The geometric fibers of a DR semistable curve of genus 1 are either smooth genus-1 curves or Néron polygons. Over a base scheme S, the standard Néron N -gon C N /S (for any N ≥ 1) is obtained from C N := P 1 S × Z/(N ) by "gluing" the 0-section in the i th copy of P 1 S to the ∞-section in the (i + 1) th copy of P 1 S :
The natural multiplication action of G m on P 1 S , together with the action of Z/(N ) on itself via its group law, determines an action of the group scheme G m × Z/(N ) on P 1 S × Z/(N ), which descends uniquely to an action of G m × Z/(N ) = C sm N on C N ([DR, II.1.9]). Definition 2.2. A generalized elliptic curve over a scheme S is a genus-1 DR semistable curve E/S, equipped with a morphism E sm × E → E and a section 0 E ∈ E sm (S) such that the restriction E sm × E sm → E sm makes E sm a commutative group scheme over S with identity 0 E , and such that on any singular geometric fiber E s , translation by any rational point of E sm s acts via a rotation on the graph Γ(E s ) ( [DR, I.3.5] ) of the irreducible components of E s .
By [DR, II.1.15 ], a generalized elliptic curve over an algebraically closed field is either a smooth elliptic curve or a Néron N -gon (for some N ≥ 1) with the action described above.
Recall that if X is a scheme over S, a relative effective Cartier divisor in X over S is an effective Cartier divisor in X which is flat over S. The following is the reformulation (as a Drinfeld level structure) of the naïve notion of a "point of exact order N " on a generalized elliptic curve, introduced in [KM] for smooth elliptic curves and in [Con] for generalized elliptic curves. Definition 2.3. Let E/S be a generalized elliptic curve. A [Γ 1 (N )]-structure on E is a section P ∈ E sm (S) such that:
• N · P = 0 E ;
• the relative effective Cartier divisor
in E sm is a subgroup scheme; and • for every geometric point p → S, D p meets every irreducible component of E p .
We write X 1 (N ) for the stack over Spec(Z) associating to a scheme S the groupoid of pairs (E, P ), where E/S is a generalized elliptic curve and P is a [Γ 1 (N )]-structure on E. We write Y 1 (N ) for the substack classifying such pairs where E/S is a smooth elliptic curve.
Theorem 2.4 ( [Con, 3.1.7, 3.2.7, 3.3 .1, 4.1.1]). X 1 (N ) is a regular Deligne-Mumford stack, proper and flat over Spec(Z) of pure relative dimension 1.
In particular, it follows (see [Con, 4.1.5] ) that X 1 (N ) is canonically identified with the normalization of M 1,1 in the normal Deligne-Mumford stack X 1 (N )| Z[1/N ] , as in [KM, §8.6] and [DR, §VII.2] . Similarly, one may reformulate the notion of other naïve level structures on (generalized) elliptic curves (e.g. full level structures, or cyclic order-N subgroups) as Drinfeld level structures, leading to other regular algebraic stacks (such as X(N ) and X 0 (N )) which are also proper and flat over Spec(Z) of pure relative dimension 1. We will focus on X 1 (N ) in this paper, but our arguments naturally and immediately extend to these other moduli stacks as well; see [Nil, §5, §7] .
Twisted curves. Twisted curves are introduced in [AOV2] in order to construct proper moduli spaces of stable maps to a fixed stack. If one were to only consider morphisms from nodal curves, the resulting moduli stacks would be separated but not proper; allowing the source curves to acquire some stacky structure solves the problem, producing complete moduli stacks of twisted stable maps. We will not review the full theory of twisted stable maps here; we refer the reader to [AV] and [AOV2] for the original development of the theory, or to [Nil, §3] for a summary.
The notion of tameness used in the following definition is that introduced in [AOV1] .
Definition 2.5 ([AOV2, §2]
). An n-marked twisted curve over a scheme S is a proper tame stack C over S, with connected geometric fibers all of dimension 1, and with coarse space f : C → S a nodal curve over S; together with n closed substacks
which are fppf gerbes over S mapping to n markings {p i ∈ C sm (S)}, such that:
• the preimage in C of the complement C ′ ⊂ C of the markings and singular locus of C/S maps isomorphically onto C ′ ; • if p → C is a geometric point mapping to the image in C of a marking Σ i ⊂ C, then
for some r ≥ 1, where D sh is the strict Henselization at (m S,f (p) , z) of
and ζ ∈ µ r acts by z → ζ · z; and • if p → C is a geometric point mapping to a node of C, then
for some r ≥ 1, where D sh is the strict Henselization at (m S,f (p) , x, y) of
for some t ∈ m S,f (p) , and ζ ∈ µ r acts by x → ζ · x and y → ζ −1 · y.
We say a twisted curve C/S has genus g if the geometric fibers of its coarse space C/S have arithmetic genus g, and we say an n-marked genus-g twisted curve C/S is stable if the genus-g curve C/S with the markings {p i } is an n-marked genus-g stable curve over S.
Example 2.6. Over any base scheme S, consider a Néron 1-gon C/S as above. Then C sm ∼ = G m , and C admits the structure of a generalized elliptic curve, with an action C sm × C → C extending the group scheme structure of G m . For any positive integer N , the inclusion µ N ⊂ G m determines an action of µ N on C, and the stack quotient C := [C/µ N ] is a genus-1 twisted stable curve over S, with coarse space f :
where D sh denotes the strict Henselization of
at the point (m S,f (p) , x, y) and ζ ∈ µ N acts by x → ζ · x and y → ζ −1 · y. As in [Nil] , we will refer to this twisted curve as the standard µ N -stacky Néron 1-gon over S.
Given a twisted curve C over a scheme S, we write Pic C/S for the stack associating to T /S the groupoid of line bundles on C × S T .
Proposition 2.7 ([AOV2, 2.7])
. Pic C/S is a smooth, locally finitely presented algebraic stack over S. For any L ∈ Pic C/S (T ), the group scheme Aut T (L) is canonically isomorphic to G m,T . Proposition 2.8. Pic C/S is a smooth group scheme over S, and if π : C → C is the coarse space of C/S, then there is a short exact sequence of group schemes over S
with W quasi-finite andétale over S.
In fact, as explained in [Nil, 3.14] , W is the sheaf associated to the presheaf T → H 0 (C T , R 1 π * G m ) (where we still write π : C T → C T for the morphism induced by base change from π : C → C).
For any integer N annihilating W , we have a natural morphism [Nil, 3.16] .
Earlier results
The main result of [AOV2] is the construction, for any finitely presented, tame, proper algebraic stack X with finite inertia, a complete moduli stack K g,n (X ) classifying twisted stable maps from n-marked, genus-g twisted curves to X . We do not require these stacks in full generality here, but we will consider one closely related stack. The stack K 1,1 (Bµ N ) is the rigidification (in the sense of [ACV, §5.1] and [AOV1, Appendix A]) of K 1,1 (Bµ N ) with respect to the copy of µ N which canonically lies in the center of the group scheme of automorphisms of every object of K 1,1 (Bµ N ). It has a concrete interpretation as follows (see [Nil, 3.20] ), which for the purposes of this paper we use as our definition:
Definition 3.1. K 1,1 (Bµ N ) is the stack over Spec(Z), associating to a scheme S the groupoid of pairs (C, φ), where C/S is a 1-marked, genus-1 twisted stable curve, and φ : Z/(N ) → Pic • the relative effective Cartier divisor
in Pic 0 C/S is an S-subgroup scheme, and • for every geometric point p → S, D p meets every irreducible component of (Pic
We define X tw 1 (N ) to be the stack over Spec(Z) associating to a scheme S the groupoid of pairs
, and there is a canonical isomorphism X 1 (N ) → X tw 1 (N ) with a natural moduli interpretation. We briefly recall the strategy in constructing the isomorphism X 1 (N ) → X tw 1 (N ). If E/S is a generalized elliptic curve, all of whose geometric fibers are either smooth elliptic curves or Néron d-gons (for a fixed d dividing N ), then the stack quotient C := [E/E sm [d] ] is a 1-marked, genus-1 twisted curve over S; the smooth geometric fibers of C/S are the same as those of E, while its singular geometric fibers are all standard µ d -stacky Néron 1-gons. In [Nil, §6] , the author constructed a canonical isomorphism 
Constructing generalized elliptic curves from twisted curves
This section is devoted to our main result, a procedure for constructing a generalized elliptic curve from a genus-1 twisted curve.
Specifically, let B = Spec(A) be the spectrum of a complete, strictly Henselian local ring A, and let C/B be a 1-marked genus-1 twisted curve, with no stacky structure at its marking. To C we will associate a canonical generalized elliptic curve E/B. This is only nontrivial if the closed fiber of the coarse space f : C → B is singular (a smooth genus-1 twisted curve with non-stacky marking is simply an elliptic curve), so we will assume for the remainder of the proof that the closed fiber of the coarse space C/B is a genus-1 rational nodal curve. We will employ a slightly modified version of a construction appearing in [Ols] and [A2] .
For each n, let A n = A/m n+1 , B n = Spec(A n ) and C n = C × B B n . Since C is a twisted curve, there is a unique integer d such that, if p → C is a geometric point mapping to the node of C 0 , we may write
Here D sh is the strict Henselization at (m B,f (p) , x, y) of
for some appropriate t ∈ m B,f (p) , and ζ ∈ µ d acts by x → ζx and y → ζ −1 y. More tersely, d is the index of the stack C in the sense of [AH, 2.3.3] . It follows immediately from [Nil, 3.17 ] that after a finite base change, C 0 is a standard µ d -stacky Néron 1-gon over the residue field A 0 = A/m. In particular, by [Nil, 3 .14] we have a canonical short exact sequence
Cn/Bn (B n ), lying over 1 ∈ Z/(d) in the above short exact sequence, such that
-structure on C n in the sense of [Nil, 4.5] . The above short exact sequence implies that such a Q exists, at least after a finite base change. (The canonical nature of our constructions guarantees that our ultimate construction of a generalized elliptic curve E n /B n will descend to our original B n , so such a finite base change is harmless.)
After a further finite base change, we may assume that the morphism β factors through a morphism of Picard stacks α : Z/(d) → Pic 0 Cn/Bn , where Pic 
where L m = α(m). Since α is a morphism of Picard stacks, there are canonical isomorphisms L a ⊗ L b ∼ = L a+b , defining the algebra structure on ⊕L m . The Z/(d)-grading defines a natural action of µ d on C ′ n , making C ′ n a µ d -torsor over C n . As a µ d -torsor over C n , C ′ n is independent (up to canonical isomorphism) of the choice of α lifting β.
Since Q is a [Γ 1 (d)]-structure, Q meets every component of Pic 0 Cn/Bn . This implies that if ξ : Spec(k) → C n is a geometric point mapping to the node of C 0 , then the action of Aut(ξ) on the fiber of L 1 is effective, so C ′ n is representable by [AH, 2.3.10] . The composition C ′ n → C n → C n is a degree-d cover of the genus-1 rational nodal curve C n , totally ramified over the node of C n and unramified elsewhere, so it follows from Riemann-Hurwitz for nodal curves that C ′ n is naturally a genus-1 nodal curve over B n , with closed fiber a Néron 1-gon.
Fixing a section 0 C ′ n of C ′ n lifting the marked section 0 Cn of C n gives C ′ n the structure of a generalized elliptic curve. The generalized elliptic curve arising from a different choice of 0 C ′ n is canonically isomorphic to C ′ n with the given structure of a generalized elliptic curve. (To see this, choose an isomorphism (C ′ n ) sm ∼ = G m . If the two choices of identity element correspond to ζ 0 , ζ 1 ∈ G m , then multiplication by ζ 1 ζ −1 0 gives the desired isomorphism.) And while the structure of C ′ n as a µ d -torsor over C n depends on the choice of Q used to define it, the structure of C ′ n as a generalized elliptic curve is clearly independent of this choice.
Let X be the character lattice of Pic 0 C ′ n /Bn ; since C ′ n is a genus 1 nodal curve over B n , with closed fiber a Néron 1-gon, Pic 0 C ′ n /Bn is noncanonically isomorphic to G m , and so X is noncanonically isomorphic to Z. Fix an isomorphism X ∼ = Z. Let P n → C ′ n be the X-torsor arising from the construction of [A2, §4.2] and refined in [Ols, §4.1] (both are generalizations of the construction of the Tate curve in [DR, §VII] ).
Explicitly, P n is an infinite chain of copies of P 1 Bn , indexed by X, with the 0-section of each copy of P 1 meeting the ∞-section of an adjacent copy of P 1 at a node. If the node of C ′ n is locally of the form Spec(A n [x, y]/(xy − t n )), the same is true for each node of P n :
X acts on P n by translations: the action of a generator of X ∼ = Z shifts each component over to an adjacent component. Additionally the torus Pic 0 C ′ n /Bn acts on P n , preserving the components. The choice of an identity element 0 Pn ∈ Pic
so if an identity is chosen, P sm n becomes a group scheme, and one may view the induced action of Pic 0 C ′ n /Bn × X on P n as an action of P sm n . Consider the quotient E n := P n /(dX) of P n by the sublattice dX ⊆ X. E n is an X/(dX)-torsor over C ′ n ; under the chosen isomorphism X ∼ = Z we may view E n as a Z/(d)-torsor over C ′ n . Choose a section 0 En ∈ E sm n (B n ) lying over 0 C ′ n ; the choice of 0 En makes E n a generalized elliptic curve over B n , with closed fiber a Néron d-gon. The action of E sm n is induced by the action of P sm n on P n , by fixing any identity element 0 Pn lying over 0 En (the action is clearly independent of this choice).
The generalized elliptic curve arising from a different choice of 0 En is canonically isomorphic to E n with the given structure of a generalized elliptic curve (the canonical isomorphism being a rotation), and the same would be true had we used a different isormosphim X ∼ = Z above (the canonical isomorphism being the inversion isogeny [−1], composed with a rotation if necessary).
Compatibility of the twisted curves {C n } as n varies follows from the compatibility of the generalized elliptic curves {C n /B n } (which is clear from the construction) and from the compatibility of the X-torsors { P n → C ′ n } (see [Ols, §4.1] ). Thus the inverse system {E n /B n } algebraizes uniquely to a canonical generalized elliptic curve E over B, completing our construction.
Remark 4.1. Note that by construction, E comes equipped with a canonical morphism E → C, identifying C with the stack quotient [E/E sm [d]].
An application
The construction of §4 immediately allows us to give a moduli interpretation of the inverse to the isomorphism X 1 (N ) → X tw 1 (N ) of algebraic stacks of Theorem 3.3. To give a map X tw 1 (N ) → X 1 (N ), it suffices to define a map
, in the case where B = Spec(A) is the spectrum of a complete, strictly Henselian local ring. Let
, so C/B is a 1-marked genus-1 twisted curve (with non-stacky marking) and
is a [Γ 1 (N )]-structure on C. As in §4, let B n = Spec(A/m n+1 ) and C n = C × B B n . Also let φ n be the [Γ 1 (N )]-structure on C n induced by φ.
Let d denote the index (in the sense of [AH, 2.3 .3]) of C, as in §4. Since d equals the number of components of Pic
, and since C admits a [Γ 1 (N )]-structure (namely φ), it follows that d divides N .
Let E n /B n be the generalized elliptic curve associated to C n , as constructed in §4.
] ≃ C n canonically (see Remark 4.1), the construction in the proof of [Nil, 6.8] gives an explicit, canonical isomorphism
We set P n = γ −1 (φ n (1)), where φ n is the restriction to C n of the [Γ 1 (N )]-structure φ. P n is a [Γ 1 (N )]-structure on the generalized elliptic curve E n , and our construction shows that the pair (E n , P n ) is canonically determined by the pair (C n , φ n ).
Compatibility of the pairs (C n , φ n ) as n varies is automatic, as they are all induced by the pair (C, φ). This implies compatibility of the pairs (E n , P n ), and thus the inverse system {(E n , P n )} algebraizes uniquely to a canonical pair
where E is the generalized elliptic curve over B constructed in §4, and P is a [Γ 1 (N )]-structure on E. The morphism of algebraic stacks [Nil, §6] clearly sends the pair (E n , P n ) ∈ X 1 (N )(B n ) to the pair (C n , φ n ) ∈ X tw 1 (N )(B n ) for each n, so it sends (E, P ) ∈ X 1 (N )(B) to a pair canonically isomorphic to (C, φ) ∈ X tw 1 (N )(B). Therefore we have proven:
Corollary 5.1. The morphism of algebraic stacks
is quasi-inverse to the isomorphism X 1 (N ) → X tw 1 (N ) defined in [Nil, §6] . We remark that the same construction of generalized elliptic curves from twisted curves gives moduli interpretations for the inverses to the isomorphisms X(N ) → X tw (N ) and X 0 (N ) → X tw 0 (N ) considered in [Nil] . The argument is essentially identical to that for the inverse to X 1 (N ) → X tw 1 (N ), so we leave the details to the reader.
Generalizations
An obvious question to ask is the extent to which the construction of §4 can be generalized, such as to twisted curves of higher genus. In this section we explore how one might generalize the construction, and the complications that arise in this case.
For simplicity, we work over the spectrum S = Spec(k) of an algebraically closed field k. Let C/S be an unmarked twisted curve, whose coarse space C/S is an irreducible, genus-g nodal curve (g ≥ 2) with two nodes. Suppose one node has index d and the other has index e. over C. By the same argument as in §4, C ′ is representable. One would then be tempted to apply the constructions of [A2, §4.2] and [Ols, §4.1] to obtain an infinite cover of a compactified Jacobian of C ′ . But this is incorrect in general, because C ′ need not be a nodal curve at all! If it were, then the composite C ′ → C → C would be a finite morphism of nodal curves of degree de; it would be unramified away from the nodes, and every point of C ′ lying over the first (resp. second) node of C would have ramification index d (resp. e). But for arbitrary indices d and e, an elementary Riemann-Hurwitz argument implies that no such C ′ exists.
There is an alternative way to proceed which avoids this problem. Let C/S be the same twisted curve considered above. Fix an isomorphism Pic Here Jac g−1 (C/S) is the canonical compactified Jacobian of C as in [A1] . We then obtain a Z/(d) × Z/(e)-torsor P/K → Jac g−1 (C/S).
P/K can be thought of as a higher-dimensional analogue of a generalized elliptic curve. Indeed, if we had followed this construction where C is instead a 1-marked genus-1 twisted curve with node of index d as in §4, P/K would be a Néron d-gon and a Z/(d)-torsor over C. The primary difference between this construction and that of §4 is that we obtain a cover of the coarse space C, rather than a cover of a nodal curve C ′ which in turn covers the twisted curve C.
On the other hand, P/K can also be thought of as a compactified Jacobian for C. Indeed, the constructions of [A2, §4.2] and [Ols, §4.1] equip P with a canonical action of Pic 0 C/S × X, and the smooth locus of P is a principal homogeneous space under this action. This induces an action of Pic 0 C/S × (X/K) ∼ = Pic 0 C/S on P/K, and the smooth locus of P is a principal homogeneous space under this action.
This construction can clearly be extended to the case where C/S is an unmarked twisted curve of genus g ≥ 2, with irreducible coarse space C/S and an arbitrary number of nodes. One natural question which arises is whether the requirement that C be irreducible is necessary; we adopted this requirement so that the toric part of Pic 0 C/S was of maximal rank, allowing us to find a surjection X ։ Z/(d) × Z/(e). It would also be interesting to see whether P/K has a natural moduli interpretation, analogously to that of Jac g−1 (C/S). We do not attempt to answer these questions here, but hope to revisit them in future work.
